
 147 

5. THE UNIMAGINABLE 
 

§5.1. How Do We Know That The Earth 

Isn’t Flat? 
 “The world is flat and the 

greatest hoax of history is the 

belief that it’s round.” I 

remember hearing this many 

years ago when I was at 

university. The claim was made 

at a lunchtime lecture given by 

a representative of the Flat 

Earth Society. Everyone in my 

physics class went along to heckle this ‘nut’. But we were 

stunned by the fact that he appeared to know far more 

physics than we did and every objection that we raised 

was answered by the most convincing and authoritative of 

explanations. 

 

The belief that light travels in straight lines is the 

illusion, he said. Ships appear to disappear over the 

horizon because the light is bending. And the fact that 

nobody has ever reached the edge of the world is because 

the closer you come to it, the smaller you become and the 

more slowly you travel while maintaining the illusion of 

constant speed. We’d heard of the Theory of Relativity 

and the lecturer’s explanations seemed to be consistent 

with the very vague understanding we had of that theory. 
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 We began to believe that he might just be right! No 

doubt this was partly due to the heavy atmosphere in the 

lecture theatre and to his charisma. s we walked out we 

felt that he was probably wrong but we were no longer 

sure we could prove that he was. 

 

Now of course nobody who has ever walked up and 

down mountains believes that the world is quite flat. Nor 

is it as perfectly round as a mathematical sphere. It is, 

after all, slightly flattened at the poles and its surface is 

somewhat distorted by mountains and valleys. When the 

flat-earthist says that the world is flat he means that it is 

essentially a flat disk, but one that may be distorted in 

some way like a piece of rubber that has been stretched 

and rippled. We round-earthists likewise assert that the 

surface of the earth is essentially a sphere but concede that 

it is actually somewhat distorted. The difference between 

a disk and a sphere is not simply one of shape or 

curvature. It’s ‘topological’ — it has to do with the way 

the surface is connected. 

 

 The surface of a sphere can be distorted into many 

different shapes but without tearing it can’t become a 

disk. A disk can be bent to form a hemisphere or even 
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stretched till it becomes a sphere with a little round hole. 

But only by sewing up the hole (the reverse of tearing) 

could it become a complete sphere. 

 

 The difference between a ‘flat’ earth and a ‘round’ 

earth is a topological one. Consider the following 

conceptual experiment. Place a rubber band around the 

base of the North Pole (assuming it to be an actual pole 

hammered into the ice – or if there is no ice left there we 

might need to float a stick on a buoy). Now imagine that 

this rubber band is enormously elastic and can be 

stretched as much as we want. Is it possible, by stretching 

the band, but without breaking it, and keeping it at all 

times in contact with the earth’s surface, to free the band 

from the pole? 

 

The answer depends on which topological model 

you accept for the surface of the earth. If it’s topologically 

a sphere, the answer is “yes”. All you have to do is to 

stretch the band over the surface until it runs right around 

the equator. Then continue moving it south, keeping it in 

contact with the surface of the sphere at all times, and let 

it shrink again as it moves towards the South Pole. Now 

back to its original size it can be slid back north till it lies 

right beside the North Pole – no longer enclosing it. 
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But if the earth is topologically flat then there’s no 

way it could be freed from the pole. No matter how much 

the band is stretched, the pole will remain ‘inside’. It’s 

tempting to say that we could stretch the band till it runs 

right around the boundary of the disk and then roll it onto 

the other side. But remember that if the earth is really flat 

there is no other side, or at least it doesn’t belong to the 

surface of the earth. So this is a topological way of 

distinguishing a sphere from a disk. 

 

 

 

 

 

 To decide which model fits the earth we just have 

to carry out this experiment. But there’s no need to have 

an actual band that can be stretched so much. The circles 

of latitude represent the successive positions of such an 

elastic band moving continuously over the surface. Our 

flat-earthist might question the validity of the circles of 

latitude and so remain unconvinced. However the aim of 

this introduction is not to settle the geographic question 

but to ask topological ones. 
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On the other hand the earth might be neither a 

topological disk nor a sphere. Perhaps it’s really a 

doughnut (or to use the more mathematical word, a 

‘torus’). Let’s leave aside the objection that if so then one 

part of the world would cast a shadow on the other. This 

depends on certain assumptions about light and leads us 

away from topology and back into physics. If we lived on 

the surface of a torus and had no experience of anything 

above or below the surface, how could we tell that it 

wasn’t the surface of a sphere? After all you can 

circumnavigate both a sphere and a torus by travelling in 

what appears to be a straight line. 

 

 

 

 

 

 

 

 In other words we’re asking for a topological 

difference between a torus and a sphere or a disk. The 

infinite elastic band experiment works for the sphere but 

not for the torus (remember that every part of the band 

must always remain in contact with the surface at all 

times). But it can’t distinguish a torus from a disk. This 

calls for a different conceptual experiment — the Great 

Wall Experiment. 
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Build a great wall on the surface of the earth so that 

its two ends meet. This amounts to drawing a closed curve 

on the surface. Those inhabitants inside the wall are safe 

from the savage hordes outside … or are they? What if 

the surface of the earth is a torus (doughnut shape) and 

the wall is built around the smaller radius? The enemy is 

safely on the other side of the wall, until they wake up to 

the fact that all they have to do is to travel around the 

larger radius. Here we have a closed curve that doesn’t 

separate the surface into an inside and an outside. This 

can happen on a torus but it can’t happen on a disk or a 

sphere. 

 

 

 

       
 

On a disk the closed curve separates the disk into an inside 

and an outside. On a sphere the closed curve separates the 

sphere into two regions, though it’s not clear which is the 

inside and which is the outside. The equator separates the 

earth into two regions but the northern hemisphere is no 

more the inside than the southern hemisphere. 

 On a torus the close curve indicated doesn’t 

separate the surface at all. 

  

INSIDE OUTSIDE 
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§5.2. An Unimaginable Surface 
 Spheres, cylinders and toruses are just three of 

many possible surfaces that exist in our 3-dimensional 

world. We can easily imagine them and, though it may be 

a little difficult to draw them properly on a 2-dimensional 

sheet of paper we can do a pretty good job. 

 But there’s a surface called the Projective Plane 

that only exists in a universe that has four dimensions or 

more. So we can’t imagine what it really looks like. Yet 

we can prove theorems about it. 

 We start with the familiar Euclidean Plane. Of 

course we’ve never actually seen one, because it is 

infinite. But we can imagine what it is like. A sheet of 

paper is a pretty good approximation. 

As you will know, in the Euclidean Plane, there are 

such things as parallel lines – lines that never intersect. Of 

course it’s easy to have line segments that don’t meet but, 

if we extended them far enough, they might. Here we’re 

talking about whole lines, extending indefinitely in both 

directions. 

 

 Given any two points in the Euclidean Plane there 

is exactly one line that passes through both of them. On 

the other hand we can’t say that given any two lines 

there’s exactly one point that lies on both of them. Parallel 

lines are the exceptions. 

 We have a similar situation here to what existed 

with the real number system. There are numbers there that 

have no square roots – the negative numbers. So what did 
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mathematicians do? They invented imaginary numbers 

which were added to the real numbers. These provided 

square roots for the negative numbers. 

Of course we had to also include numbers which 

were a real number plus an imaginary number. This gave 

rise to the complex numbers. 

Now it might have been the case that some of these 

new numbers failed to have square roots, in which case 

we’d feel the need to invent even more numbers. But the 

wonderful thing is that every complex number has square 

roots. And not just square roots, but cube roots and fourth 

roots and so on. In fact any polynomial equation of degree 

2 or more has solutions in this complex number system. 

It’s complete. 

Something similar has been done with the 

Euclidean Plane which suffers from the deficiency of 

have pairs of lines that don’t intersect. There’s a geometry 

that adds extra points and lines to the Euclidean Plane so 

that all pairs of lines intersect. These points and lines are 

called ideal points and ideal lines. We can’t really imagine 

them, but we can still talk about them. 

 

 For every direction we invent an ideal point and 

decree that all lines in that direction pass through the 

corresponding ideal point. Now there are many ways of 

constructing this Projective Plane, but the one that I’m 

going to use is perhaps the most intuitive. I’ll use a series 

of pictures to do this. But I have to fudge. If these ideal 
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points and lines are extra to the Euclidean Plane, where 

can I put them on a sheet of paper? 

 I get around this by representing the Euclidean 

Plane by a rectangle in perspective. 

 

 

 

 

We call the points on the Euclidean plane ordinary 

points. 

                               . . . . . . . . 

                                . . . . . . . . . . . . 

                               . . . . . . . . 

 

 

We call the lines on the Euclidean plane ordinary lines. 

 

 

 

 

 

We sort these ordinary lines into parallel classes.  

 

 

 

 

 

A parallel class consists of a line together with all lines 

parallel to it. 
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For each parallel class we invent a new point, called an 

ideal point. 

 

 

 

 

 

These ideal points don’t lie on the Euclidean plane. Where 

are they then? The answer is simply “in our minds”. 

However, to assist our imagination, we can put these ideal 

points on our diagram outside of the shape that represents 

the Euclidean plane. 

 

  

 

 

 

 

As well as ordinary points lying on ordinary lines in the 

usual way  
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we decree that all lines in a given parallel class (and no 

others) pass through the corresponding ideal point. 

 

 

 

 

 

 

We also invent a new line called the ideal line 

 

 

  

 

  

 

and decree that this line passes through all the ideal points 

(and no others). 

 

 

 

 

 

 

 

The resulting geometry is called the Projective Plane. It 

contains all of the Euclidean plane, as well as the extra 

ideal points and the ideal line. Any theorem that we can 

prove for the Projective plane will be true for the 
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Euclidean plane simply by taking the points and lines to 

be ordinary ones. 

 

§5.3. The Projective Plane Has No Parallel 

Lines 
 Now that we’ve invented the ideal points and lines, 

our Projective plane has no parallel lines. Any two distinct 

lines meet in exactly one point. There are no exceptions. 

If the two lines are ordinary lines they meet in an ordinary 

point in the usual way, provided they’re not parallel in the 

Euclidean plane. But if they are parallel there we’ve 

invented an ideal point in which they can meet. 

 

 

 

 

 

 But what if one line is ordinary and the other is the 

ideal one. No problem. The ordinary line has a certain 

direction and passes through the ideal point that 

corresponds to that direction. And of course both lines 

can’t be ideal as there’s only one ideal line. 
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 But before we get too excited we might have lost 

the first property in trying to fix up the second. Is it still 

true that through any two distinct points there is exactly 

one line. Let’s think it through, case by case. 

 

 If the two points are ordinary they lie on exactly 

one ordinary line, in the usual way. They can’t also lie on 

the ideal line (that would make a second line passing 

through both) because the ideal line has only ideal points. 

 

 

 

 

 

 What if one point is ordinary and one is ideal? The 

ideal point will correspond to a certain direction. And 

through any point in the Euclidean plane there is exactly 

one line in any given direction. 

 

 

 

 

 

 Finally, if both points are ideal then they lie on the 

ideal line. Could they lie on an ordinary line as well? 

Well, no. The two distinct ideal points would correspond 

to two distinct directions and that would mean that the 

ordinary line would go in two directions at once. 
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§5.4. Can We Describe The Projective 

Plane Precisely? 
When we observe a long straight railway line, 

receding into the distance, it looks as if they meet on the 

horizon. Renaissance artists had no problem with the 

concept of parallel lines meeting a point. This happens all 

the time in a perspective drawing. 

 

 

 

 

 

 Consider what an artist does when he sketches a 

scene. You might think that he represents points in the 

scene by points on the canvas, but it would be more 

accurate to say that he represents rays not points. Every 

ray emanating from his eye corresponds to a single point 

on his canvas. This leads to the next way of thinking about 

the Projective Plane. 

 

 We start with 3-dimensional space and choose a 

plane, which we call the ‘canvas’ and a viewpoint lying 

away from the ‘canvas’ where we place an ‘eye’. 
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 The plane is a complete Euclidean plane (rather 

larger than the average canvas!). We now define a 

projective point to be a line through the eye. In practice 

the artist can only see what’s in front of his eye but it suits 

us to use whole lines rather than rays. 

 

 

 

 

 

 

 

 

 Every point on the canvas corresponds to a 

projective point but there are some projective points left 

over that don’t correspond to points on the canvas. These 

are the lines through the eye that are parallel to the canvas. 

These will lie on the plane through the eye that is parallel 

to the canvas plane. 

 

 Projective point 

corresponding to 

an ordinary point 

on the “canvas”. 
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 It may seem strange to call something a ‘point’ that 

we’d normally call a line. That’s why we add the prefix 

‘projective’. It bumps things up by one dimension. The 

rationale behind it is that a projective point (line through 

the artist’s eye) would appear as a single point on the 

artist’s canvas. 

 

 We now define a projective line to be any plane 

through the ‘eye’. 

 

 

 

 

 

 

 

                           ‘eye’ 

                                             Euclidean Plane – the canvas 

 

 If the artist paints two parallel lines on his canvas 

they represent two projective lines in space (that is, planes 

through the artist’s eye). It’s a fact of 3-dimensional 

Projective point      

(line) that doesn’t 

correspond to an 

ordinary point on 

the ‘canvas’. 

Projective line 

(plane) that 

corresponds to an 

ordinary line on the 

‘canvas’. 
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Euclidean space that any two planes through a single 

point must intersect in a whole line. Moreover that line 

will be parallel to the plane that contains the two lines. 

 

 Just open this book and hold two consecutive pages 

so that the edges are parallel. These pages will intersect in 

a line that runs along the spine of the book. 

 

 

 

 

 

 

 

 

 This line, being parallel to the canvas, will not 

intersect the canvas and so will not correspond to any 

ordinary point on the ‘canvas’. So we can see that, while 

most of the projective points (lines through the eye) will 

correspond to ordinary points on the ‘canvas’, and all but 

one of the projective lines (planes through the eye) will 

correspond to ordinary lines on the ‘canvas’, we have here 

a model of the Projective plane. The ideal projective line 

is the plane through the eye that is parallel to the canvas 

and the ideal projective points are the lines through the 

eye on this plane. 

 

 But once the canvas is removed the distinction 

between ordinary and ideal is removed. The Projective 

Projective lines 

(planes) that 

correspond to 

parallel lines on the 

‘canvas’.  
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Plane can be considered as a single point O, all lines 

through O (the projective points) and all planes through 

O (the projective lines). This model looks rather like a 

porcupine. (The following picture should be viewed in 3 

dimensions with lines pointing in and out of the page.) 

 

 

 

 

 

 

 

 

§5.5. Can We Draw The Projective Plane 

on Paper? 
 So the points on a Projective Plane consists of all 

lines that pass through a single point. 

 

 

 

 

  

 

 

 Suppose we take a sphere, with the common point 

as the centre. Each of the projective points (line) intersect 

the sphere in 2 points. 
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Remember that you have to see this as a sphere 

with lines going through the centre in all directions. 

Perhaps a better picture would be the following: 

 

 

 

 

 

 

 

Well we could now throw away the lines and represent 

the projective points by pairs of antipodal points (points 

diametrically opposite to one another). 

 

 Suppose we now cut the sphere around the equator, 

and throw away the southern hemisphere. 
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Here the black circle represents one of the projective 

points. The two white circles, together, represent another 

projective point. Those two points are to be ‘identified’, 

that is, considered to be the same. 

 

Now we can flatten out the hemisphere to get a circle with 

opposite points on the boundary identified. 

 

 

 

 

 

Again the black circle represents one projective point and 

the pair of white circles another. 

 

Finally we can deform the circle into a square with 

opposite points identified (treated as the same point). 

 

 

 

 

 

The black point represents one projective point, the red 

circles together represent a second and the two blue ones 

represent a third. 

 

Now in all these changes things like lengths and angles 

get distorted. But the ‘topology’, roughly speaking the 

way the surface is connected, remains the same. There are 
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many properties of the Projective Plane that can still be 

answered using this distorted, buy highly simplified 

model. 

 

 In a book on Topology, such as my notes Topology, 

the Projective Plane is depicted by the following diagram. 

                                      a 

 

                          b                      b 

 

 

                                       a 

Here the labels a, b, together with the arrow, indicate 

which points are to be identified. 

 

Here’s a property of the Projective Plane that can be 

answered by using the above model. Remember the 

Utilities Problem. The three houses had to be connected 

to the three utilities so that pipes and wires didn’t cross. It 

is impossible on a plane, or even on a sphere. But it can 

be easily done on a Projective Plane.  

                                    a 

 

 

                    b                              b 

  

 

                                     a 
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PUZZLE: GAS, WATER AND 

ELECTRICTY 
 

Another surface that uses identified edges is the 

Möbius Band. Take a strip of clear plastic, give the ends 

a half twist and join them. Can you solve the Utilities 

Puzzle on this surface? The reason for using clear plastic 

is so that you can see that both sides are the same. Strictly 

speaking the Möbius Band is the layer midway between 

the two sides, but being clear what is on one side is visible 

on the other. 

 

To make the problem easier, consider the following 

model for the Möbius Band. 

 

 

        a                                                                         a 

 

 

Place small circles inside this strip, representing the  

3 houses to the 3 utilities. Join each house to each utility 

so that pipes and wires don’t cross. You may cross the ‘a’ 

boundary, but remember the twist so that a pipe that goes 

off the right-hand end near the top must reappear at the 

left near the bottom. Of course you may not cross the top 

and bottom boundaries as, in this case, they are not 

identified. 

 

You’ll find the answer in the APPENDIX. 
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